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Manipulating quantum information on the
controllable systems or subspaces
Ming Zhang, Zairong Xi IEEE Senior Member, Jia-Hua Wei
Abstract
In this paper, we explore how to constructively manipulate qubits by rotating Bloch spheres. It
is revealed that three-rotation and one-rotation Hamiltonian controls can be constructed to steer qubits
when two tunable Hamiltonian controls are available. It is demonstrated in this research that local-wave
function controls such as Bang-Bang, triangle-function and quadratic function controls can be utilized
to manipulate quantum states on the Bloch sphere. A new kind of time-energy performance index is
proposed to trade-off time and energy resource cost, in which control magnitudes are optimized in terms
of this kind of performance. It is further exemplified that this idea can be generalized to manipulate
encoded qubits on the controllable subspace.
Index Terms
quantum systems, controllability, optimal control, decoherence-free, Hamiltonian control
I. INTRODUCTION
Dating from the birth of quantum theory, control of quantum systems is an important issue
[1]. Quantum control theory has been developed ever since 1980s[2], [3], [4]. Recently, quantum
information and quantum computation is the focus of reseach[5]. A great progress has been made
in the domain of quantum control[6], [7], in which the controllability of quantum systems is a
fundamental issue. The different notations of controllability have been explored in [8], [9], [10],
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[11], [12], [13], [14]. Specially, the controllability of quantum open systems has been studied
by some researchers[15], [16], [17], [18]. It is quite well known that quantum open systems are
not open-loop controllable but there may exist decoherence-free subsystems or subspaces[19],
[20], [21], [22], [23]. The works on encoded universality[24], [25] further enhance the belief that
one can manipulate quantum information on the encoded subspace. Optimal control theory has
also been successfully applied to the design of open-loop coherent control strategies in physical
chemistry[26], [27], [28]. Recently, time-optimal control problems for spin systems have been
solved to achieve specified control objectives in minimum time[29], [30], [31]. On the other hand,
the challenge of open-loop control is to design external fields or potentials acting as model-relied
controls. The main strategies for open-loop control design seem to be based either on geometric
ideas or more formally Lie group decompositions, as in[32], [33], [34], [35], [36].
In this paper, we explore how to constructively manipulate qubits or encoded qubits based on
the geometric parametrization of qubits when two tunable Hamiltonian controls are available. It is
demonstrated that one can not only design 3-rotation Hamiltonian controls to manipulate qubits,
but can also construct 1-rotation Hamiltonian controls to steer qubits by carefully choosing a
rotation axis. It should be underlined that local wave controls can be constructed to manipulate
qubits corresponding to each rotation. Furthermore, we proposed a new kind of time-energy
performance index
J = λ · tf +
∫ tf
0
E(u(t))dt =
∫ tf
0
[λ+ E(u(t))]dt (1)
where E(u(t)) is the energy cost of control at time t, tf is free terminal time, and λ is introduced
as a ratio parameter to trade-off the cost of time and energy resource. It has also been discussed
in [36] how to optimize 3-rotation Bang-Bang controls to transfer quantum state in terms of this
kind of time-energy performance. In this paper, we comprehensively discuss how to optimize
control magnitudes in terms of this kind of time-energy performance for both 3-rotation and
1-rotation controls, and present optimal Bang-Bang, triangle-function and quadratic function
controls, respectively.
The rest of this paper are organized as follows. In Sect. II, we present prerequisite for further
discussion. It is illustrated in Sect. III how to manipulate qubit by 3-rotation Bang-Bang, triangle-
function, and quadratic function controls. The optimal controls are further presented in the sense
of time-energy performance. It is also revealed in Sect. IV that one can utilize three kinds of
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local-wave controls to manipulate qubits just by one-times rotation. The paper concludes with
Sect. V.
II. PREREQUISITE
Consider a controlled qubit governed by the equation
d
dt
|ψ(t)〉 = − i
~
H(t)|ψ(t)〉 = − i
~
[uz(t)σz + uy(t)σy]|ψ(t)〉 (2)
where σz = I2 − 2|1〉〈1| and σy = i|1〉〈0| − i|0〉〈1|. For simplicity, we set ~ = 1.
Denote |u+〉 = cos θu2 |0〉 + i sin θu2 |1〉; |u−〉 = sin θu2 |0〉 − i cos θu2 |1〉. It is interesting to point
out that if H(t) = f(t)[cos θuσz + sin θuσy], then one can express the Hamiltonian H(t) as
H(t) = f(t)σuz where σuz = |u+〉〈u+| − |u−〉〈u−|.
(a) 3-rotation trajectories (b) 1-rotation trajectory (c) 3- and 1-rotation trajectories
Fig. 1. trajectories on the Bloch sphere
As shown in Fig.1, one can not only choose 3-rotation control functions to steer the controlled
qubit system from an arbitrary initial state to another arbitrary target state, but can also construct
1-rotation control function f(t) to achieve the same goal.
In this paper, we will just concentrate on three kind of local wave-functions: a piece-wise
constant function (Bang-Bang control), a triangle-function and a quadratic function.
Denote the triangle function uT (t; t0, t1, L) and the quadratic function uQ(t; t0, t1, L) respec-
tively as follows:
uT (t; t0, t1, L) =
{ 2Lt1−t0 · (t− t0) t ∈ [t0, t0+t12 )
− 2L
t1−t0 · (t− t1) t ∈ [ t0+t12 , t1)
0 otherwise
(3)
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and
uQ(t; t0, t1, L) =
{ 4L·(t−t0)(t1−t)
(t1−t0)2 t ∈ [t0, t1]
0 otherwise
(4)
where both uT (t; t0, t1, L) and uQ(t; t0, t1, L) are nonzero only when t ∈ (t0, t1), and take the
maximum magnitude L at time t0+t1
2
. It should be underlined that the pulse area of the control
pulses is the key control variable for geometric control and the pulse area inequality for Bang-
Bang, triangle-function and quadratic function controls is given as∫ t1
t0
uT (t; t0, t1, L)dt <
∫ t1
t0
uQ(t; t0, t1, L)dt <
∫ t1
t0
Ldt = L(t1 − t0) (5)
Furthermore, it is worth pointing out that
∫ t1
t0
L2dt = L2(t1 − t0) and
E(uT (t; t0, t1, L)) =
∫ t1
t0
|uT (t; t0, t1, L)|2dt = 1
3
L2(t1 − t0) (6)
and
E(uQ(t; t0, t1, L)) =
∫ t1
t0
|uQ(t; t0, t1, L)|2dt = 8
15
L2(t1 − t0) (7)
Remark: We would like to further emphasize that that one can construct both 3-rotation and
1-rotation local wave-function controls to manipulate qubits if H(t) = ux(t)σx + uy(t)σy or
H(t) = uz(t)σz + ux(t)σx. In other words, 3-rotation and 1-rotation controls can be constructed
as long as two tunable Hamiltonian controls are available.
III. MANIPULATE QUBIT BY THREE ROTATIONS
Consider a controlled qubit governed by the equation
d
dt
|ψ(t)〉 = −i(uz(t)σz + uy(t)σy)|ψ(t)〉 (8)
with an initial state |ψ0〉 = cos θ02 |0〉 + eiφ0 sin θ02 |1〉 and a target state |ψs〉 = cos θs2 |0〉 +
eiφs sin θs
2
|1〉. For the sake of the following analysis in this section, we denote φ0m = min(φ0, 2pi−
φ0), φsm = min(φs, 2pi − φs), θ0s = |θs − θ0| and Σφθ = φ0m + θ0s + φsm.
In this section, our control goal is to find tf and some form of controls {uz(t), uy(t) : 0 ≤
t ≤ tf} so that
|ψ(tf)〉 = |ψs〉 (9)
by three rotations about z−axis, y−axis and z−axis, respectively. Furthermore, we hope to
optimize control magnitude in terms of the performance (1) where E(u(t)) = |uz(t)|2+ |uy(t)|2
and λ > 0.
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A. 3-rotation Bang-Bang controls
In this subsection, we will discuss how to manipulate quantum system (8) by three-rotation
Bang-Bang control. According to the properties of Pauli matrices[5], we choose the piecewise
constant controls {uz(t), uy(t) : 0 ≤ t ≤ tf} as follows:
uz(t) =
{ sign(φ0 − pi)Mz1 t ∈ [0, t1)
0 t ∈ [t1, t2)
sign(pi − φs)Mz2 t ∈ [t2, tf ]
(10)
and
uy(t) =
{ 0 t ∈ [0, t1)
sign(θs − θ0)My t ∈ [t1, t2)
0 t ∈ [t2, tf ]
(11)
where t1 = φ0m2Mz1 , t2 =
θ0s
2My
+ t1 and tf = φsm2Mz2 + t2.
After some calculations, we have |ψ(t1)〉 = cos θ02 |0〉+sin θ02 |1〉, |ψ(t2)〉 = cos θs2 |0〉+sin θs2 |1〉,
and |ψ(tf)〉 = cos θs2 |0〉+ eiφs sin θs2 |1〉.
Next, our task is to choose Mz1, Mz2 and My to minimize the performance (1). It can be
demonstrated that
J = λ( φ0m
2Mz1
+ θ0s
2My
+ φsm
2Mz2
) + (Mz1φ0m
2
+ Myθ0s
2
+ Mz2φsm
2
) ≥ √λΣφθ (12)
where the equality holds only if Mz1 = Mz2 = My =
√
λ.
If only bounded Bang-Bang controls with bound LB are permitted, then the optimal controls
are given as:
u∗z(t) =
{ sign(φ0 − pi)L∗B t ∈ [0, t∗1)
0 t ∈ [t∗1, t∗2)
sign(pi − φs)L∗B t ∈ [t∗2, t∗f ]
(13)
and
u∗y(t) =
{ 0 t ∈ [0, t∗1)
sign(θs − θ0)L∗B t ∈ [t∗1, t∗2)
0 t ∈ [t∗2, t∗f ]
(14)
where t∗1 = φ0m2L∗
B
, t∗2 =
θ0s
2L∗
B
+ t∗1, t
∗
fB =
φsm
2L∗
B
+ t∗2 =
Σφθ
2L∗
B
and L∗B = min(
√
λ, LB). Furthermore,
the corresponding optimal performance is J∗B = ( λ2L∗
B
+
L∗B
2
)Σφθ. It is interesting to underline
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that J∗B = λ · t∗fB +E∗B where E∗B = 12L∗BΣφθ, and t∗fB ·E∗B = 14Σ2φθ only depends on the location
of both initial and target states on the Bloch sphere.
If unbounded Bang-Bang controls are permitted, we have L∗B =
√
λ, t∗fB =
Σφθ
2
√
λ
, E∗B =
√
λ
2
Σφθ
and J∗B =
√
λΣφθ, therefore t∗fB · E∗B = 14Σ2φθ.
B. 3-rotation triangle-function controls
In this subsection, we will first demonstrate that the target state |ψ(tf )〉 = |ψs〉 can be achieved
from the initial state |ψo〉 by the following three-rotation triangle-function controls:
uz(t) = sign(φ0 − pi)uT (t; 0, t1,Mz1) + sign(pi − φs)uT (t; t2, tf ,Mz2) (15)
and
uy(t) = sign(θs − θ0)uT (t; t1, t2,My) (16)
where t1 = φ0mMz1 , t2 =
θ0s
My
+ t1 and tf = φsmMz2 + t2. It can be proved that |ψ(t1)〉 = cos θ02 |0〉 +
sin θ0
2
|1〉, |ψ(t2)〉 = cos θs2 |0〉+ sin θs2 |1〉, and |ψ(tf)〉 = cos θs2 |0〉+ eiφs sin θs2 |1〉.
Subsequently, our task is to select magnitude Mz1, Mz2 and My to minimize the performance
(1). It can be demonstrated that
J = λ(φ0m
Mz1
+ θ0s
My
+ φsm
Mz2
) + (Mz1φ0m
3
+
Myθ0s
3
+ Mz2φsm
3
) ≥ 2
√
λ√
3
Σφθ (17)
where the equality holds only if Mz1 = Mz2 = My =
√
3λ. If only bounded triangle-function
controls with bound LB are permitted, then the optimal 3-rotation triangle-function controls are
given as:
u∗z(t) = sign(φ0 − pi)uT (t; 0, t∗1, L∗T ) + sign(pi − φs)uT (t; t∗2, t∗fT , L∗T ) (18)
and
u∗y(t) = sign(θs − θ0)uT (t; t∗1, t∗2, L∗T ) (19)
where t∗1 = φ0mL∗
T
, t∗2 =
θ0s
L∗
T
+ t∗1, t
∗
fT =
Σφθ
L∗
T
and L∗T = min(
√
3λ, LB). Furthermore, the optimal
performance corresponding to bounded triangle-function control is J∗T = ( λL∗
T
+
L∗
T
3
)Σφθ. It is
interesting to underline that J∗T = λ · t∗fT + E∗T with E∗T = 13L∗TΣφθ, and t∗fT · E∗T = 13Σ2φθ only
depends on the location of both initial and target states on the Bloch sphere.
If unbounded triangle-function controls are permitted, then we have t∗fT =
Σφθ√
3λ
, L∗T =
√
3λ,
E∗T =
√
3λ
3
Σφθ and J∗T = 2
√
λ√
3
Σφθ, thus t∗fT · E∗T = 13Σ2φθ.
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C. 3-rotation quadratic function controls
In this subsection, it is demonstrated that the target state |ψ(tf )〉 = |ψs〉 can be achieved from
the initial state |ψo〉 by the following quadratic controls:
uz(t) = sign(φ0 − pi)uQ(t; 0, t1,Mz1) + sign(pi − φs)uQ(t; t2, tf ,Mz2) (20)
and
uy(t) = sign(θs − θ0)uQ(t; t1, t2,My) (21)
where t1 = 3φ0m4Mz1 , t2 =
3θ0s
4My
+ t1 and tf = 3φsm4Mz2 + t2. It can be confirmed that |ψ(t1)〉 =
cos θ0
2
|0〉+ sin θ0
2
|1〉, |ψ(t2)〉 = cos θs2 |0〉+ sin θs2 |1〉, and |ψ(tf)〉 = cos θs2 |0〉+ eiφs sin θs2 |1〉.
Next, our task is to choose magnitude Mz1, Mz2 and My to minimize the performance (1).
After some calculations, we have
J = λ( 3φ0m
4Mz1
+ 3θ0s
4My
+ 3φsm
4Mz2
) + (2Mz1φ0m
5
+ 2Myθ0s
5
+ 2Mz2φsm
5
) ≥
√
30λ
5
Σφθ (22)
where the equality holds only if Mz1 = Mz2 = My =
√
30λ
4
.
If only bounded quadratic function controls with bound LB are permitted, the optimal 3-
rotation bounded quadratic-function controls are given as:
u∗z(t) = sign(φ0 − pi)uQ(t; 0, t∗1, L∗Q) + sign(pi − φs)uQ(t; t∗2, t∗f , L∗Q) (23)
and
u∗y(t) = sign(θs − θ0)uQ(t; t∗1, t∗2, L∗Q) (24)
where t∗1 = 3φ0m4L∗
Q
, t∗2 =
3θ0s
4L∗
Q
+ t1, t
∗
fQ =
3Σφθ
4L∗
Q
and L∗Q = min(
√
30λ
4
, LB). Moreover, the optimal
performance corresponding to bounded control is J∗Q = ( 3λ4L∗
Q
+
2L∗
Q
5
)Σφθ. It is interesting to
underline that J∗Q = λ · t∗fQ +E∗Q where E∗Q = 25L∗QΣφθ, and t∗fQ ·E∗Q = 310Σ2φθ only depends on
the location of both initial and target states on the Bloch sphere.
If unbounded quadratic function controls are permitted, we have t∗fQ =
3Σφθ√
30λ
, L∗Q =
√
30λ
4
,
E∗Q =
√
30λ
10
Σφθ and J∗Q =
√
30λ
5
Σφθ, therefore t∗fQ · E∗Q = 310Σ2φθ.
Remark: 1. When unbounded controls are permitted, it has been demonstrated in this section
that J∗B < J∗Q < J∗T , E∗B < E∗Q < E∗T and t∗fB < t∗fQ < t∗fT , therefore we have t∗fB·E∗B <
t∗fQ·E∗Q < t∗fT ·E∗T .
2. Even when only bounded controls are permitted, the above inequalities are valid for all λ
and LB except that E∗B < E∗Q < E∗T does not hold for some λ and LB .
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IV. MANIPULATE QUBITS JUST BY ONE ROTATION
Reconsider the controlled qubit (8) with both the same initial and target states given in the
Section III. In this section, our control goal is to find tf and some form of controls {uz(t), uy(t) :
0 ≤ t ≤ tf} so that |ψ(tf)〉 = |ψs〉 is attained just by one rotation. Furthermore, we hope to
choose {uz(t), uy(t) : 0 ≤ t ≤ tf} to minimize the performance (1).
Choose H(t) = f(t)(cos θuσz+sin θuσy) with θu ∈ [0, pi] so that the following equation holds
sin θu sin θ0 sinφ0 + cos θu cos θ0 = sin θu sin θs sinφs + cos θu cos θs (25)
Since |0〉 = cos θu
2
|u+〉 + i sin θu2 |u−〉; |1〉 = −i sin θu2 |u+〉 + i cos θu2 |u−〉, the initial and target
states can be expressed in terms of the new basis |u+〉 and |u−〉 as follows
|ψ0〉 = cos θ
H
s0
2
|u+〉+ eiφH0 sin θ
H
s0
2
|u−〉 (26)
and
|ψs〉 = cos θ
H
s0
2
|u+〉+ eiφHs sin θ
H
s0
2
|u−〉 (27)
where
cos
θHs0
2
=
√
1
2
+
1
2
[sin θu sin θ0 sin φ0 + cos θu cos θ0] (28)
and
φH0 = −∠(cos θ02 cos θu2 − ieiφ0 sin θ02 sin θu2 )
+∠(i cos θ0
2
sin θu
2
+ ieiφ0 sin θ0
2
cos θu
2
)± 2n0pi
(29)
and
φHs = −∠(cos θs2 cos θu2 − ieiφs sin θs2 sin θu2 )
+∠(i cos θs
2
sin θu
2
+ ieiφs sin θs
2
cos θu
2
)± 2nspi
(30)
It is easy to prove that one can choose the suitable integers n0 and ns so that φH0 , φHs ∈ [0, 2pi).
Remark: 1. We would like to point out that the initial and target states have the same angle
θHs0 about the control Hamiltonian axis as shown in Fig.1.
2. For the sake of the analysis, we introduce φHs0 = min(|φHs − φH0 |, 2pi − |φHs − φH0 |) with
φHs0 ∈ [0, pi). It should be underlined that φHs0 depends not only on the location of both initial
and target states on the Bloch sphere, but also on the Hamiltonian H(t), i.e., the y − z plane.
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A. 1-rotation Bang-Bang controls
In this subsection, we will discuss how to manipulate the quantum system (8) by Bang-Bang
control. According to the aforementioned analysis in the section, we can choose the piecewise
constant controls {f(t) : 0 ≤ t ≤ tf} as follows:
f(t) =
{
Mub, t ∈ [0, tf) if0± 2kpi < (φHs − φH0 ) < pi ± 2kpi
−Mub, t ∈ [0, tf) ifpi ± 2kpi ≤ (φHs − φH0 ) < 2pi ± 2kpi
(31)
where tf = φ
H
s0
2Mub
.
Subsequently, our task is to choose Mub to minimize the performance (1) where E(u(t)) =
|f(t)|2 and λ > 0.
After some careful calculations, we have
J = λ
φHs0
2Mub
+
Mubφ
H
s0
2
≥ √λφHs0 (32)
where the equality holds only if Mub =
√
λ.
If only bounded Bang-Bang controls with bound LB are permitted, then the optimal controls
are given as:
u∗z(t) =
{
cos θuL
∗
B, t ∈ [0, t∗fB) if0± 2kpi ≤ (φHs − φH0 ) < pi ± 2kpi
− cos θuL∗B, t ∈ [0, t∗fB) ifpi ± 2kpi ≤ (φHs − φH0 ) < 2pi ± 2kpi
(33)
and
u∗y(t) =
{
sin θuL
∗
B, t ∈ [0, t∗fB) if0± 2kpi ≤ (φHs − φH0 ) < pi ± 2kpi
− sin θuL∗B, t ∈ [0, t∗fB) ifpi ± 2kpi ≤ (φHs − φH0 ) < 2pi ± 2kpi
(34)
where t∗fB =
φHs0
2L∗
B
and L∗B = min(
√
λ, LB
max(cos θu
2
,sin θu
2
)
). The optimal performance corresponding
to bounded Bang-Bang controls is J∗B = ( λ2L∗
B
+
L∗
B
2
)φHs0. It is interesting to emphasize that optimal
performance can be expressed as J∗B = λ · t∗fB +E∗B with E∗B = L
∗
B
2
φHs0, and E∗B · t∗fB = 14(φHs0)2
where φHs0 is independent of λ.
If unbounded Bang-Bang controls are permitted, then L∗B =
√
λ, t∗fB =
φHs0
2
√
λ
, E∗B =
√
λ
2
φHs0,
and J∗B =
√
λφHs0. Therefore, E∗B · t∗fB = 14(φHs0)2.
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B. 1-rotation triangle-function controls
In this subsection, we will explore how to construct one-rotation triangle-function controls
{f(t) : 0 ≤ t ≤ tf} to achieve the target state from the initial state. We can select
f(t) =
{
uT (t; 0, tf ,Mut) if0± 2kpi ≤ (φHs − φH0 ) < pi ± 2kpi
−uT (t; 0, tf ,Mut) ifpi ± 2kpi ≤ (φHs − φH0 ) < 2pi ± 2kpi
(35)
where tf = φ
H
s0
Mut
. In other words, {uz(t), uy(t)} can be constructed as follows:
uz(t) =
{
uT (t; 0,
φHs0
Mut
,Mut) cos θu if0± 2kpi ≤ (φHs − φH0 ) < pi ± 2kpi
−uT (t; 0, φ
H
s0
Mut
,Mut) cos θu ifpi ± 2kpi ≤ (φHs − φH0 ) < 2pi ± 2kpi
(36)
and
uy(t) =
{
uT (t; 0,
φHs0
Mut
,Mut) cos θu if0± 2kpi ≤ (φHs − φH0 ) < pi ± 2kpi
−uT (t; 0, φ
H
s0
Mut
,Mut) cos θu ifpi ± 2kpi ≤ (φHs − φH0 ) < 2pi ± 2kpi
(37)
Next, our task is to optimize magnitude Mut in terms of the performance (1). It is easy to
demonstrate that
J = λ
φHs0
Mut
+
Mutφ
H
s0
3
≥ 2
√
λ√
3
φHs0 (38)
where the equality holds only if Mut =
√
3λ.
If only bounded triangle-function controls with bound LB are permitted, then the optimal
controls are given as:
u∗z(t) =
{
uT (t; 0, t
∗
fT , L
∗
T ) cos θu if0± 2kpi ≤ (φHs − φH0 ) < pi ± 2kpi
−uT (t; 0, t∗fT , L∗T ) cos θu ifpi ± 2kpi ≤ (φHs − φH0 ) < 2pi ± 2kpi
(39)
and
u∗y(t) =
{
uT (t; 0, t
∗
fT , L
∗
T ) sin θu if 0± 2kpi ≤ (φHs − φH0 ) < pi ± 2kpi
−uT (t; 0, t∗fT , L∗T ) sin θu if pi ± 2kpi ≤ (φHs − φH0 ) < 2pi ± 2kpi
(40)
where t∗fT =
φHs0
L∗
T
and L∗T = min(
√
3λ, LB
max(cos θu
2
,sin θu
2
)
). The optimal performance corresponding
to bounded control is J∗T = ( λL∗
T
+
L∗
T
3
)φHs0. It is interesting to emphasize that optimal performance
corresponding to bounded triangle-function controls can be expressed as J∗T = λ · t∗fT +E∗T with
E∗T =
1
3
L∗Tφ
H
s0, and E∗T · t∗fT = 13(φHs0)2 where φHs0 is independent of λ.
If unbounded triangle-function controls are permitted, then t∗fT =
φHs0√
3λ
, L∗T =
√
3λ, E∗T =
√
3λ
3
φHs0 and J∗T = 2
√
λ√
3
φHs0. Therefore E∗T · t∗fT = 13(φHs0)2.
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C. 1-rotation quadratic-function controls
In this subsection, we will explore how to construct quadratic controls {f(t) : 0 ≤ t ≤ tf} to
achieve the target state from the initial state. We can choose
f(t) =
{
uQ(t; 0, tf ,Muq) if0± 2kpi ≤ (φHs − φH0 ) < pi ± 2kpi
−uQ(t; 0, tf ,Muq) ifpi ± 2kpi ≤ (φHs − φH0 ) < 2pi ± 2kpi
(41)
where tf = 3φ
H
s0
4Muq
. In other words, the quadratic controls {uz(t), uy(t)} are given as follows:
uz(t) =
{
uQ(t; 0,
3φHs0
4Muq
,Muq) cos θu if0± 2kpi ≤ (φHs − φH0 ) < pi ± 2kpi
−uQ(t; 0, 3φ
H
s0
4Muq
,Muq) cos θu ifpi ± 2kpi ≤ (φHs − φH0 ) < 2pi ± 2kpi
(42)
and
uy(t) =
{
uQ(t; 0,
3φHs0
4Muq
,Muq) sin θu if0± 2kpi ≤ (φHs − φH0 ) < pi ± 2kpi
−uQ(t; 0, 3φ
H
s0
4Muq
,Muq) sin θu ifpi ± 2kpi ≤ (φHs − φH0 ) < 2pi ± 2kpi
(43)
Next, our task is to choose magnitude Muq to minimize the performance (1). After some
calculations, we further obtain
J = λ
3φHs0
4Muq
+
2MuqφHs0
5
≥
√
30λ
5
φHs0 (44)
where the equality holds only if Muq =
√
30λ
4
.
If only bounded quadratic controls with bound LB are permitted, then the optimal controls
are given as:
u∗z(t) =
{
uQ(t; 0, t
∗
fQ, L
∗
Q) cos θu if0± 2kpi ≤ (φHs − φH0 ) < pi ± 2kpi
−uQ(t; 0, t∗fQ, L∗Q) cos θu ifpi ± 2kpi ≤ (φHs − φH0 ) < 2pi ± 2kpi
(45)
and
u∗y(t) =
{
uQ(t; 0, t
∗
fQ, L
∗
Q) sin θu if0± 2kpi ≤ (φHs − φH0 ) < pi ± 2kpi
−uQ(t; 0, t∗fQ, L∗Q) sin θu ifpi ± 2kpi ≤ (φHs − φH0 ) < 2pi ± 2kpi
(46)
where t∗fQ =
3φHs0
4L∗
Q
and L∗Q = min(
√
30λ
4
, LB
max(cos θu
2
,sin θu
2
)
). The optimal performance corresponding
to bounded control is J∗Q = ( 3λ4L∗
Q
+
2L∗Q
5
)(φHs0). It is interesting to emphasize that optimal
performance corresponding to unbounded quadratic controls can be expressed as J∗Q = λ·t∗fQ+E∗Q
with E∗Q = 25L
∗
Qφ
H
s0, and E∗Q · t∗fQ = 310(φHs0)2 where φHs0 is independent of λ.
If unbounded quadratic controls are permitted, then t∗fQ =
3φHs0√
30λ
, L∗Q =
√
30λ
4
, E∗Q =
√
30λ
10
φHs0,
J∗Q =
√
30λ
5
φHs0, and E∗Q · t∗fQ = 310(φHs0)2.
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D. Further discussions
1. When unbounded controls are permitted, we have J∗B < J∗Q < J∗T , E∗B < E∗Q < E∗T and
t∗fB < t
∗
fQ < t
∗
fT , therefore we have t∗fB·E∗B < t∗fQ·E∗Q < t∗fT ·E∗T .
2. Even when only bounded controls are permitted, the aforementioned inequalities are valid
for all λ and LB except that the inequality E∗B < E∗Q < E∗T is invalid for some λ and LB .
3. When one fixed Hamiltonian and another tunable control Hamiltonian are available, only
1−rotation Bang-Bang control can be designed to transfer the qubit from the initial state to
the target state. For example, if H(t) = (σz + uy(t)σy)|ψ(t)〉 and sin θ0 sinφ0 6= sin θs sin φs,
one may be able to construct 1−rotation Bang-Bang control to achieve the target state. When
unbounded Bang-Bang control are available, one should choose uy(t) = tan θu where tan θu =
cos θs−cos θ0
sin θ0 sinφ0−sin θs sinφs . When only bounded Bang-Bang controls with the bound LB are available,
1−rotation bounded Bang-Bang control can be constructed only if LB ≥ | tan θu|. This result is
in interesting contrast with the recent research[39].
V. DISCUSSIONS AND CONCLUSIONS
At first, we would like to point out that the three-rotation and one-rotation control design
methods can be generalized to manipulate encoded qubit on controllable subspace of both closed
and open quantum systems.
For example, let us consider a controlled 2-qubit system which is governed by the equation
d
dt
|ψ(t)〉 = − i
~
H(u(t))|ψ(t)〉 (47)
where H(u(t)) = uz1I2(t)σ
(1)
z ⊗I(2)2 +uI1z2(t)I(1)2 ⊗σ(2)z +uy1x2(t)σ(1)y ⊗σ(2)x +ux1y2(t)σ(1)x ⊗σ(2)y .
Under the above condition, an encoded qubit basis can be given as {|0L〉 = |0112〉, |1L〉 = |1102〉}.
Denote the encoded subspace, which can be expanded by the encoded state basis {|0L〉, |1L〉}, as
EL. It is interesting to underline that for any pure state |ψE〉∈EL, one can obtain its geometric
parametrization in terms of {|0L〉 = |0112〉 and |1L〉 = |1102〉}. Denote σLz = |0L〉〈0L| −
|1L〉〈1L| = 12(σ(1)z ⊗I(2)2 −I(1)2 ⊗σ(2)z ) and σLy = i|1L〉〈0L|−i|0L〉〈1L| = 12(σ(1)y ⊗σ(2)x −σ(1)x ⊗σ(2)y )
By setting uz1I2(t) = −uI1z2(t) = 12uLz (t) and uy1x2(t) = −ux1y2(t) = 12uLy (t), one can express
the equation (47) as
d
dt
|ψ(t)〉 = − i
~
(uLz (t)σ
L
z + u
L
y (t)σ
L
y )|ψ(t)〉 (48)
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For an open quantum system, its dynamics equation is in general rather difficult to gain.
However, in many practical situation, quantum dynamical semi-group master equation[37], [38]
is an appropriate way to describe the evolution of the quantum open system as follows
∂ρ
∂t
= − i
~
[H(u(t)), ρ] + L(ρ) (49)
where Lindbladian is:
L(ρ) =
1
2
N∑
i,j
αij([Fi, ρF
+
j ] + [Fiρ, F
+
j ]) (50)
and H(u(t)) is the system Hamiltonian, the operators Fi constitute a basis for the N-dimensional
space of all bounded operators acting on H , and αij are the elements of a positive semi-definite
Hermitian matrix.
If Hˆ(u(t)) = uz1I2(t)σ
(1)
z ⊗ I(2)2 + uI1z2(t)I(1)2 ⊗ σ(2)z + uy1x2(t)σ(1)y ⊗ σ(2)x + ux1y2(t)σ(1)x ⊗ σ(2)y
and L(|ψE〉〈ψE |) = 0 for any pure state |ψE〉∈EL, then, for ρ = |ψE〉〈ψE| with |ψE〉∈EL,
Eq.(49) is further reduced to Eq. (48) because L(|ψE〉〈ψE|) = 0.
So far, it has been demonstrated in this research that one can utilize various local wave-function
controls including Bang-Bang controls, triangle-function controls and quadratic-function controls
to manipulate qubits and encoded qubits on controllable subspaces for both open quantum
dynamical systems and uncontrollable closed quantum dynamical systems when two tunable
Hamiltonian controls are available. Furthermore, we discuss how to design control magnitude in
terms of a kind of time-energy performance. It is demonstrated that optimal Bang-Bang controls
have the best performance and optimal triangle-function controls have the worst performance
among three kinds of control schemes. It is the pulse area inequality for three controls given in
Eq. (5) who makes the performance difference. It should be emphasized that one can introduce a
ratio parameter λ to trade-off between time and energy resource cost, but the product of time and
energy cost is an invariance under different λ for each kind of controls due to the characteristic
of geometric control.
It is well known that low-capacitance Josephson tunneling junctions offer a promising way to
realize qubits for quantum information processing[40] and two tunable Hamiltonian controls are
available in this application. Therefore this research implies that one can constructively adjust
gate voltages or magnetic fields to manipulate qubits based on either charge or phase (flux)
degrees of freedom .
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